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Abstract
We combine two topics in directed graphs which have been studied separately, vertex pushing
and homomorphisms, by studying homomorphisms of equivalence classes of oriented graphs
under the push operation. Some theory of these mappings is developed and the complexity of the
associated decision problems is determined. These results are then related to oriented colorings.
Informally, the pushable chromatic number of an oriented graph G is the minimum value of
the oriented chromatic number of any digraph obtainable from G using the push operation.
The pushable chromatic number is used to give tight upper and lower bounds on the oriented
chromatic number. The complexity of deciding if the pushable chromatic number of a given
oriented graph is at most a 2xed positive integer k is determined. It is proved that the pushable
chromatic number of a partial 2-tree is at most four. Finally, the complexity of deciding if the
oriented chromatic number of a given oriented graph is at most a 2xed positive integer k is
determined.
c© 2003 Elsevier B.V. All rights reserved.
Keywords: Oriented chromatic number; Graph homomorphism; Vertex pushing
1. Introduction and preliminaries
Let D be a directed graph (digraph) and X ⊆ V (D). De2ne DX to be the digraph
obtained from D by reversing the orientation of every arc with exactly one end in X .
The digraph DX is said to be obtained from D by pushing X , and the vertices in X
are said to be pushed.
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Let ≡ be the equivalence relation on the set of all digraphs de2ned by D1 ≡ D2 if
and only if there exists X ⊆ V (D1) such that DX1 is isomorphic to D2. The equivalence
class containing the digraph D is denoted by [D]; two digraphs belonging to the same
equivalence class are called push equivalent.
Both vertex pushing and the structure of the equivalence classes of ≡ have been
extensively studied (e.g., see [1,8]). Considerable attention has recently been devoted
to questions concerning when the push operation can be used to transform a directed
graph into one with certain prescribed properties, e.g., k-connected [10], Hamiltonian,
or acyclic [8]. While most of these transformation problems are NP-complete, there
are often nice theorems, leading to eFcient algorithms, for multipartite tournaments or
other well-structured families of directed graphs.
In this article, we study the push operation in relation to homomorphisms and ori-
ented colorings of oriented graphs. Recall that an oriented graph D=(V; A) is obtained
from a simple, undirected graph G=(V; E) by providing an orientation to each edge of
G. So for each edge uv∈E(G), exactly one of {u→ v; v → u} is contained in A(D).
Some de2nitions are required before the results can be discussed.
A homomorphism of a directed graph D1 to a directed graph D2 is a function f
that maps the vertices of D1 to the vertices of D2 such that if xy is an arc of D1,
then f(x)f(y) is an arc of D2. We shall sometimes refer to these as digraph homo-
morphisms for emphasis. The existence of a homomorphism of D1 to D2 is denoted
by D1 → D2, or f :D1 → D2 when the name of the function should be emphasized.
If there exists a homomorphism D1 → D2, then we say that D1 is homomorphic
to D2.
We say that a digraph D1 is pushably homomorphic to a digraph D2, or that there
is a pushable homomorphism of D1 to D2, if there exists X ⊆ V (D1) so that DX1 is
homomorphic to D2. This will also be denoted by D1 → D2, when the context is clear.
In Section 2, some elementary properties of pushable homomorphisms are developed.
It is proved that these can be regarded as homomorphisms between equivalence classes
of ≡. A special family of directed graphs, called push-digraphs, is then introduced.
Each equivalence class of ≡ is represented by a push-digraph. These digraphs con-
nect pushable homomorphisms and digraph homomorphisms because of the following
“universality” property: there is a pushable homomorphism of D to H if and only if
there is a digraph homomorphism of D to the push-digraph of H . This connection is
repeatedly exploited in later section.
Let D be an oriented graph. An oriented k-coloring of D is a homomorphism of D
to some oriented graph T on k vertices. Since arcs joining non-adjacent vertices of T
can be added without destroying the existence of a homomorphism D→ T , the digraph
T can be taken to be a tournament. The oriented chromatic number of D, denoted
o(D) or simply o, is the smallest integer k such that there is an oriented k-coloring
of D. The oriented chromatic number has been studied by a variety of authors (e.g.,
see [4,13,15]).
Analogously, the pushable chromatic number of an oriented graph D, denoted p(D)
or simply p, is the smallest integer n so that there is a pushable homomorphism to
some oriented graph T on n vertices. As above, T can be taken to be a
tournament.
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We brieLy summarize the work described in this article. The contents of Section
2 have been mentioned above. Section 3 is devoted to determining the complexity of
deciding if a given oriented graph D can be pushed so that it admits a homomorphism
to the 2xed oriented graph H . In contrast to the chaotic situation for digraph homo-
morphisms, discussed at the start of Section 3, a complete classi2cation of pushable
homomorphisms is obtained. The pushable chromatic number is studied in Section 4.
After using the results on push-digraphs to obtain a bound on the oriented chromatic
number in terms of the pushable chromatic number, we determine the complexity of
deciding if the pushable chromatic number of a given digraph D is at most a 2xed
positive integer k. At the end of the section, a tight bound for the pushable chromatic
number of partial 2-trees is established. In Section 5, we establish the 2rst complexity
results for the oriented chromatic number by determining the complexity of deciding if
the oriented chromatic number of a given digraph D is at most a 2xed positive integer
k. Suggestions for future research are given in Section 6.
2. Pushable homomorphisms
We begin this section by noting some elementary properties of pushable homomor-
phisms. These lead to the statement that pushable homomorphisms can be regarded as
homomorphisms between push equivalence classes. We then introduce a family of uni-
versal digraphs that enable pushable homomorphism problems to be cast as “ordinary”
digraph homomorphism problems.
The straightforward proofs of the following statements are omitted for brevity.
Proposition 1. Let D and H be digraphs.
(a) Digraphs D and H are push equivalent if and only if there are pushable homo-
morphisms of D onto H and H onto D.
(b) If there are pushable homomorphisms D → F and F → H , then there is a
pushable homomorphism D→ H .
(c) If there is a pushable homomorphism D→ H and F is a subdigraph of D, then
there is a pushable homomorphism F → H .
Let D and H be digraphs. We say there is a homomorphism of the push equivalence
class [D] to the push equivalence class [H ] if, for every D′ ∈ [D], there exists H ′ ∈ [H ]
for which there is a digraph homomorphism D′ → H ′.
Corollary 2. If D is pushably homomorphic to H , then there is a homomorphism of
[D] to [H ].
Proof. Let D′ ∈ [D] and H ′ ∈ [H ]. Then, by Proposition 1(a), D′ is pushably homo-
morphic to D and H is pushably homomorphic to H ′. The result now follows from
Proposition 1(b).
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Let H be a directed graph with vertex set {v1; v2; : : : ; vn}. The push-digraph of H ,
denoted P(H), is constructed from two copies of H with vertex sets {x1; x2; : : : ; xn}
and {y1; y2; : : : ; yn} respectively by adding the arcs {xiyj; yixj : vjvi ∈E(H)}.
The following theorem and corollaries establish a “universality” property of push-
digraphs and uses it to connect pushable homomorphisms and digraph homomorphisms.
Theorem 3. Let G and H be digraphs.
(a) There is a pushable homomorphism of G to H if and only if there is a homo-
morphism of P(G) to P(H).
(b) If G ∈ [H ], then P(G) is isomorphic P(H).
Proof. We prove statement (a). The proof of statement (b) is similar except that one
deals with isomorphisms instead of homomorphisms in the argument.
Let G have vertices {v1;G; v2;G; : : : ; vn;G}, so that P(G) has vertices {x1;G; x2;G; : : : ;
xn;G}∪{y1;G; y2;G; : : : ; yn;G} and arcs as in the de2nition. Similarly, let H have vertices
{v1;H ; v2;H ; : : : ; vn;H}, so that P(H) has vertices {x1;H ; x2;H ; : : : ; xn;H} ∪ {y1;H ; y2;H ; : : : ;
yn;H} and arcs as in the de2nition.
(⇒) Suppose f :GZ → H is a homomorphism. Then, a homomorphism P(G) →
P(H) is obtained by mapping xi;G (resp. yi;G) to xj;H (resp. yj;H ) when f(vi;G)= vj;H
and vi;G 	∈ Z , and xi;G (resp. yi;G) to yj;H (resp. xj;H ) when f(vi;G)= vj;H and vi;G ∈Z .
(⇐) Suppose there is a homomorphism of P(G) to P(H). Then, since the inclusion
map is a homomorphism, and homomorphic digraphs are pushably homomorphic, there
are pushable homomorphisms G → P(G)→ P(H)→ H . The last of these arises from
the observation that there is a homomorphism of P(H){x1; H ; x2; H ; :::; x n;H} to H . The result
now follows from Proposition 1(b).
If the converse of Theorem 3(b) is true, then push-digraphs uniquely represent the
equivalence classes under the push operation.
Corollary 4. There is a pushable homomorphism of D to H if and only if there is a
homomorphism of D to P(H).
Corollary 5. For every push equivalence class [H ] of digraphs on n vertices, there is
a digraph on 2n vertices that contains every member of [H ] as an induced subdigraph.
A multipartite tournament with n parts is called unidirectional if there is a homomor-
phism to Tn, the transitive tournament with n vertices. In [8], a forbidden subdigraph
characterization of the multipartite tournaments that can be made unidirectional using
the push operation is given. Corollary 4 gives a diMerent characterization: a multipartite
tournament with n parts can be made unidirectional by pushing vertices if and only
if it admits a homomorphism to P(Tn). In particular, a bipartite tournament can be
made unidirectional by pushing vertices if and only if it admits a homomorphism to
P(T2) = C4.
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3. The complexity of pushable H -coloring
The H -coloring problem for digraphs is stated as follows:
H -Coloring (Homomorphism to H ; H a 2xed digraph)
Instance: A directed graph D.
Question: Is there a homomorphism of D to H?
The equivalent digraph of an undirected graph G is the directed graph obtained
from G by replacing each edge by two oppositely oriented arcs. The following famous
result, due to Hell and NeOsetOril [5], determines the complexity of H -coloring for all
undirected graphs.
Theorem 6 (Hell and NeOsetOril [5]). Let H be an undirected graph. If (H)6 2, then
H -coloring is polynomial. If (H)¿ 3, then H -coloring is NP-complete.
Determining the complexity of the H -coloring problem for general directed graphs
seems considerably more complicated than the situation for undirected graphs. Even
though the H -coloring problem for digraphs has been widely studied, and many families
of digraphs have been classi2ed (see, for example, [6]), no general conjecture concern-
ing which of these problems are polynomial-time decidable and which are NP-complete
has appeared in the literature. Even the formulation of such a conjecture seems to be
a formidable task. A suFcient condition for NP-completeness, which has been veri2ed
for many families of digraphs, is postulated in [2].
In this section, we study the complexity of deciding if there is a pushable homo-
morphism of a given oriented graph D to a 2xed oriented graph H . By Corollary 2,
this is equivalent to deciding if there is a homomorphism of [D] to [H ]. Unlike the
situation mentioned above, we are able to determine the complexity of this problem
for all oriented graphs H (see Theorem 10).
The Pushable H -coloring problem is formally as follows:
Pushable H -coloring (H a 2xed oriented graph)
Instance: A directed graph D.
Question: Is there a pushable homomorphism of D to H? That is, does there exist
X ⊆ V (D) so that there is a homomorphism DX → H?
By Theorem 3, for any digraph H , determining the complexity of Pushable H -coloring
is equivalent to determining the complexity of P(H)-coloring. This shall be our ap-
proach.
The following construction has been frequently used in investigations of the com-
plexity of H -coloring problems. Let I be a 2xed directed graph with speci2ed vertices
u and v. The indicator construction with respect to the indicator (I; u; v) transforms a
given directed graph H to the directed graph H∗ de2ned to have the same vertex set
as H , and arc set the set of all pairs xy for which there is a homomorphism of I to
H taking u to x and v to y. The vertices x and y may be the same, in which case,
H∗ has a loop. If there is an automorphism of I that exchanges the vertices u and v,
then H∗ is the equivalent digraph of an undirected graph.
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Lemma 7 (Hell and NeOsetOril [5]). H∗-coloring polynomially transforms to H -coloring.
Thus, if H∗-coloring is NP-complete, so is H -coloring.
The net length of an oriented cycle equals the number of forwards arcs minus the
number of backwards arcs, with respect to some 2xed traversal of the cycle. Let Cn
denote the directed cycle with n vertices.
Theorem 8 (Hell and Zhu [7]). There is a homomorphism of H to Cn if and only if
the net length of every oriented cycle in H is a multiple of n.
Let Rn denote the oriented cycle with vertex set {v1; v2; : : : ; vn} and arcs {v1v2; v2v3;
: : : ; vn−1vn} ∪ {v1vn}. The net length of Rn is n − 2. Notice that P(Rn) contains the
directed (n+ 2)-cycle x1x2 : : : xnyn−1ynx1.
Theorem 9 (Klostermeyer and Soltes [10]). Let C be an oriented cycle with n ver-
tices. If n is odd, then C is push equivalent to Cn. If n is even, then C is push
equivalent to Cn or Rn.
Theorem 10. Let H be an oriented graph. If there is a homomorphism of H to C4,
then P(H)-coloring is polynomial. If there is no homomorphism of H to C4, then
P(H)-coloring is NP-complete.
Proof. Suppose H admits a homomorphism to C4. If H has no edges then neither does
P(H) and the statement follows trivially. Suppose then, that H has at least one arc.
Then C4 is a subdigraph of H (using the notation from the de2nition of P(H) in Section
2, if the arc is v1v2, then x1x2y1y2x1 is a directed 4-cycle in P(H)). Since there is a
homomorphism of H to C4, and every homomorphism is a pushable homomorphism,
Theorem 3 part (a) asserts that there is a homomorphism P(H) → P(C4). It is easy
to see by inspection that P(C4) → C4. Hence, C4 is both a homomorphic image and
a subdigraph of P(H). Therefore, a digraph admits a homomorphism to P(H) if and
only if it admits a homomorphism to C4. Since C4-coloring is polynomial [11], the
2rst statement is proved.
Suppose that H does not admit a homomorphism to C4. Then, by Theorem 8, H
contains an oriented cycle of net length not divisible by 4. By Theorems 9 and 3, we
may assume that (H has been pushed so that) this cycle is either a directed cycle Ck ,
or an oriented cycle Rk+2. In either case, P(H) contains an oriented cycle C′ of net
length k 	≡ 0 (mod 4).
We claim that P(H) contains a directed cycle D of length t 	≡ 0 (mod 4). If C′ is
a directed cycle, then let D = C′ (so t = k). Otherwise, C′ is Rk+2. Without loss of
generality, C′ consists of the directed path x1x2 : : : xk+2 and the arc x1xk+2. Then, P(H)
contains the directed (k + 4)-cycle D = x1x2 : : : xk+2yk+1yk+2x1, and t = k + 4 ≡ k 	≡
0 (mod 4). This proves the claim.
Let i and j be non-adjacent vertices of C4 and consider applying the indicator
construction with respect to (C4; i; j) to P(H). Since H does not contain a directed
2-cycle, the result, P(H)∗, has no loops. Further, since there is an automorphism of
C4 that exchanges i and j, P(H)∗ is (the equivalent digraph of) an undirected graph.
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We claim that for any directed path abc of length two in P(H), there is a vertex d
so that abcda is a directed 4-cycle in P(H). Let the vertices and arcs of P(H) be as
in the de2nition:
• If a; b; c = xi; xj; xk , then take d= yj.
• If a; b; c = xi; xj; yk , then take d= yj.
• If a; b; c = xi; xj; yi, then take d= yj.
• If a; b; c = xi; yj; xk , then take d= xj.
The cases where a= yi are similar. This proves the claim.
By the claim and the de2nition of P(H), the graph P(H)∗ contains an arc joining
vertices at distance two on the directed cycle D. Since the length t of D is not congruent
to 0 modulo 4, these arcs form either an odd cycle (of length t, if t is odd), or a pair
of odd cycles (of length t=2, if t ≡ 2 (mod 4)). In either case, P(H) contains an odd
cycle, and the result follows from Lemma 7 and Theorem 6.
Corollary 11. Let H be an oriented graph. If there is a homomorphism of H to C4,
then Pushable H -coloring is polynomial. If there is no homomorphism of H to C4,
then Pushable H -coloring is NP-complete.
4. The pushable chromatic number
Let G be an oriented graph. Recall from Section 1 that the oriented chromatic
number of G is the smallest positive integer n for which there exists a homomorphism
of G to an oriented graph on n vertices, and the pushable chromatic number of G is
the smallest positive integer n such that there exists a pushable homomorphism of G to
an oriented graph on n vertices. The pushable chromatic number of an oriented graph
can be regarded as measuring how its oriented chromatic number can be decreased
using the push operation.
The following restatement of Corollary 11 in terms of the pushable chromatic number
bears a striking resemblance to the theorem of Hell and NeOsetOril.
Corollary 12. Let H be an oriented graph. If p(H)6 2, then Pushable H -coloring
can be decided in polynomial time. If p(H)¿ 3, then Pushable H -coloring is NP-
complete.
Proof. An oriented graph H has p6 2 if and only if there is a homomorphism
H → P(T2) = C4.
We next state some straightforward properties of the pushable chromatic number, and
then bound the oriented chromatic number in terms of the pushable chromatic number.
Proposition 13. Let D be an oriented graph.
(a) If D′ ∈ [D], then p(D′) = p(D).
(b) If F is a subdigraph of D, then p(F)6 p(D).
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Theorem 14. For any oriented graph D, p(D)6 o(D)6 2p(D).
Proof. The lower bound follows from the de2nition. To see the upper bound,
suppose p(D) = k. Then, there is an oriented graph T on k vertices such that D
admits a homomorphism to P(T ), the push-digraph of T . But this means o(D)6
|V (P(T ))|= 2k.
The bounds in Theorem 14 are achieved for in2nitely many oriented graphs. This,
and more, is demonstrated in the following theorem from [9].
Theorem 15 (Klostermeyer and MacGillivray [9]). For every n¿ 2 and all pairs of
integers p and q with 26p6 q6 2p6 n, there is a bipartite tournament on n
vertices with p = p and o = q.
Let k be a 2xed positive integer. The problem PCNk is stated formally as follows:
PCNk (pushable chromatic number 6 k; k a 2xed positive integer)
Instance: An oriented graph G.
Question: Can vertices of G be pushed so that the resulting graph has an oriented
k-coloring?
Lemma 16. PCN3 is NP-complete.
Proof. The two tournaments on three vertices are push equivalent, and by Theorem 3
have the same push-digraph, P(C3). Thus, a given digraph has push chromatic number
at most three if and only if it admits a homomorphism to P(C3). NP-completeness
now follows from Theorem 10.
Theorem 17. Let k be a ;xed positive integer. If k¿ 3, then PCNk is NP-complete.
If k6 2, then PCNk is polynomial.
Proof. It is clear that PCNk is in NP for any 2xed integer k¿ 1.
By Theorem 4, PCN1 is the problem of deciding whether the given digraph D admits
a homomorphism to the digraph with two vertices and no arcs. This is true if and only
if D has no arcs. Using Theorem 4 again, PCN2 is the problem of deciding whether
the given digraph D admits a homomorphism to P(T2) = C4. This is polynomially
decidable [11].
Lemma 16 states that PCN3 is NP-complete. Let k¿ 4 be a 2xed integer. We
show that PCN3 polynomially transforms to PCNk . Suppose an instance D of PCN3
is given. Construct a digraph D′ from the union of D and a transitive tournament T
on k − 3 vertices by adding all possible arcs from vertices of D to vertices of T .
The construction can clearly be accomplished in polynomial time. Further, since D′
contains a tournament on k − 3 vertices to which every vertex of (the copy of) D is
adjacent, in any homomorphism of a digraph push equivalent to D′ to a tournament
on k vertices, the subdigraph which is push equivalent to D must map to a tournament
on three vertices. That is, D′ can be pushed so that it has an oriented k-coloring if
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and only if D can be pushed so that it has an oriented 3-coloring. This completes the
proof.
For a positive integer k, a k-tree is an undirected graph constructed according to the
following three rules:
(i) the complete graph Kk is a k-tree,
(ii) if G is a k-tree, and G′ is obtained from G by adding a new vertex and joining
it to every vertex of a k-clique in G, then G′ is a k-tree, and
(iii) nothing else is a k-tree.
A partial k-tree is a subgraph of a k-tree. It follows from the de2nition that the
vertices of a partial 2-tree can be listed as v1; v2; : : : ; vn so that, for i = 1; 2; : : : ; n, the
vertex vi has degree at most two in the subgraph induced by {v1; v2; : : : ; vi}.
It is clear that the 1-trees are the same as trees. The set of outerplanar graphs is
well-known to be properly contained in the set of partial 2-trees.
In [15], Sopena proved that o(G)6 7 for any orientation of a partial 2-tree. Further,
there exist oriented outerplanar graphs for which equality holds. Thus, by Corollary 14,
there exist oriented outerplanar graphs with p = 4.
We now show that every oriented partial 2-tree has p6 4. Let Tin denote the
4-vertex tournament with a vertex dominating all vertices in a directed 3-cycle.
Lemma 18. For every arc uv of Tin there are vertices x and y so that either xu; xv∈E
or ux; vx∈E, and either uy; yv∈E or vy; yu∈E.
Theorem 19. Let D be an oriented partial 2-tree. Then D is pushably homomorphic
to Tin.
Proof. It suFces to prove the statement for 2-trees. The proof is by induction on
n= |V |, the result being clear if n6 4. Suppose the statement holds for every oriented
2-tree on fewer than n vertices and let D be an oriented 2-tree with n vertices. Let v
be a vertex of degree two in the underlying graph G and let w and z be its neighbors
in G. Consider D − v. By the induction hypothesis, there exists X ⊂ V (D − v) such
that there is a homomorphism of (D−v)X to Tin. Since D is an orientation of a 2-tree,
w and z are joined by an arc. Thus, they do not map to the same vertex. In DX , one
of four situations must arise: (i) w and z are both adjacent to v, (ii) w and z are both
adjacent from v, (iii) wv; vz ∈E, or (iv) zv; vw∈E. Thus, the homomorphism DX → Tin
can be extended to a pushable homomorphism of D to Tin by mapping v (after pushing
it, if necessary) to the vertex x or y whose existence is guaranteed by Lemma 18. The
result now follows by induction.
The algorithm implied in the above proof can be implemented to run in linear time.
Polynomial time algorithms for computing the pushable chromatic number of oriented
outerplanar graphs and multipartite tournaments are described in [9].
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5. The complexity of oriented chromatic number
Although the oriented chromatic number has been studied by a variety of authors
(e.g., see [4]), no complexity results have appeared. In this section, we combine ideas
similar to those used in the previous section with results from the literature to de-
termine the complexity of deciding if the oriented chromatic number of a given ori-
ented graph D is at most the 2xed positive integer k. This problem is stated formally
below.
OCNk (oriented chromatic number 6 k; k a 2xed positive integer)
Instance: An oriented graph D.
Question: Does D have an oriented k-coloring?
We denote by Hk the directed graph which is the disjoint union of all tournaments on
k vertices. If the input D is an orientation of a connected graph, then OCNk is the same
as Hk -coloring because a homomorphism D → Hk must map connected components
of D to connected components of Hk . If D is not connected, then diMerent connected
components of D could map to diMerent connected components of Hk . For example,
if D = Hk , then D is clearly Hk -colorable, but the oriented chromatic number of D is
the size of a universal k-tournament, which is at least 2(k−1)=2 (see [12]).
Below, we show that Hk -coloring (k¿ 4) is NP-complete when the input is restricted
to connected digraphs. NP-completeness of OCNk for k¿ 4 then follows immediately.
We make use of the following:
Theorem 20 (Bang-Jensen et al. [3]). Let T be a tournament. If T has at most one
directed cycle, then T -coloring is polynomial. If T has at least two directed cycles,
then T -coloring is NP-complete.
One can use Theorem 20 and another result in the literature to prove Hk -coloring
is NP-hard (or, more precisely, NP-complete with respect to Turing reductions). For
k¿ 4, let Tk be a strong tournament on k vertices. Then Tk -coloring is NP-complete.
Theorem 3.1 of [2] then implies that Tk -coloring polynomial time Turing-reduces to
Hk -coloring.
In the proofs of NP-completeness for Tk -coloring, the input digraph is not restricted
to be connected, though they could be modi2ed by proceeding as below. We describe
a polynomial time transformation from Tk -coloring to Hk -coloring. This establishes
NP-completeness of both Hk -coloring and OCNk for each 2xed integer k¿ 4.
Theorem 21. Let k be a ;xed positive integer. If k6 3, then Hk -coloring is polyno-
mial. If k¿ 4, then Hk -coloring is NP-complete, even when the input is restricted to
connected digraphs.
Proof. All directed H -coloring problems are known to be in NP, so Hk -coloring is in
NP for any 2xed integer k¿ 1.
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Suppose k6 3. It is proved in [11] (and also is not hard to see directly) that
T -coloring is polynomial time decidable if T is a tournament on k vertices. Since there
is one tournament on one vertex, one on two vertices and two on three vertices, and
a homomorphism must map connected components of an input digraph to connected
components of Hk , the 2rst statement is proved.
Suppose k¿ 4. Let Tk be a strong tournament on k vertices. Then Tk -coloring
is NP-complete by Theorem 20. Our transformation is from Tk -coloring. Suppose an
instance of Tk -coloring, an oriented graph D, is given. Let n = |V (D)|. Construct an
oriented graph D′ from the disjoint union of D and Tk as follows. Let v be a 2xed
vertex of Tk . For each vertex x of D, add a directed path Px of length k + 5 from v
to x. The construction can clearly be accomplished in polynomial time. We claim that
there is a homomorphism of D to Tk if and only if there is a homomorphism of D′
to Hk .
Suppose there is a homomorphism h :D→ Tk . Then h can be extended to a homo-
morphism of D′ to Hk : map the copy of Tk in D′ identically to itself, map the copy
D in D′ to Tk according to h. Since each vertex of Tk belongs to directed cycles of
all lengths 3; 4; : : : ; k (see [16, p. 231]) and every integer greater than or equal to six
can be written as a sum of threes and fours, this mapping can be extended to all of
the directed paths Px. Thus, there is a homomorphism of D′ to Hk .
Suppose there is a homomorphism of D′ to Hk . Then there is a homomorphism
of D′ to a tournament on k vertices, and since D′ contains Tk as a subdigraph, this
tournament is Tk . Since D is a subdigraph of D′, the restriction of this mapping to the
vertices of D is a homomorphism of D to Tk . The result now follows.
The above transformation is very similar to the sub-indicator construction from [5].
Corollary 22. Let k be a ;xed positive integer. If k6 3, then OCNk can be decided
in polynomial time. If k¿ 4, then OCNk is NP-complete, even when the input is
restricted to connected digraphs.
Polynomial time algorithms for computing the oriented chromatic number of multi-
partite tournaments and other graphs are described in [9].
6. Future work
The following are some suggestions for future research.
1. Determine the complexity of pushable H -coloring (for various graph classes) when
the digraph H is allowed to have directed 2-cycles.
2. Is it true that if P(G) is isomorphic to P(H) then G is push equivalent to H (see
Theorem 3)?
3. Investigate the pushable chromatic number of oriented graphs belonging to various
families. These imply bounds on the oriented chromatic number of such graphs. In
particular, determine good bounds on the pushable chromatic number of oriented
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planar graphs. The oriented chromatic number of any oriented planar graph is at
most 80 [14], though it is an open problem whether this bound can be tightened.
4. Characterize the outerplanar graphs that have pushable chromatic number three.
5. Investigate the complexity of the pushable chromatic number and the oriented chro-
matic number of members of various families of oriented graphs. Is there a family
where one parameter is NP-hard to compute and the other can be found in polyno-
mial time? What is the complexity for partial 2-trees?
6. Develop other aspects of the theory of pushable homomorphisms. (Cores of digraphs
and the push operation are investigated in [9].)
Acknowledgements
We thank the anonymous referees for valuable suggestions that greatly improved the
presentation of the paper.
References
[1] L. Babai, P. Cameron, Automorphisms and enumerations of switching classes of tournaments, Elec. J.
Combin. 7 (R38) (2000).
[2] J. Bang-Jensen, P. Hell, The eMect of two cycles on the complexity of colorings by directed graphs,
Discrete Appl. Math. 26 (1990) 1–23.
[3] J. Bang-Jensen, P. Hell, G. MacGillivray, The complexity of coloring by semicomplete digraphs, SIAM
J. Disc. Math 1 (1988) 281–298.
[4] O. Borodin, A. Kostochka, J. NeOsetOril, A. Raspaud, E. Sopena, On the maximum average degree and
oriented chromatic number of a graph, Discrete Math. 206 (1999) 77–89.
[5] P. Hell, J. NeOsetOril, On the complexity of H -coloring, J. Combin. Theory, Ser. B 48 (1990) 92–110.
[6] P. Hell, J. NeOsetOril, X. Zhu, Duality and polynomial testing of tree homomorphisms, Trans. Amer. Math.
Soc. 348 (4) (1996) 1281–1297.
[7] P. Hell, X. Zhu, The existence of homomorphisms to oriented cycles, SIAM J. Discrete Math. 8 (2)
(1995) 208–222.
[8] J. Huang, G. MacGillivray, K. Wood, Pushing the cycles out of multipartite tournaments, Discrete Math.
231 (2001) 279–287.
[9] W. Klostermeyer, G. MacGillivray, Pushing vertices and oriented colorings, Bull ICA, to appear.
[10] W. Klostermeyer, L. Soltes, Hamiltonicity and Reversing Arcs in Digraphs, J. Graph Theory 28 (1998)
13–30.
[11] H.A. Maurer, J.H. Sudborough, E. Welzl, The complexity of the general coloring problem, Inform.
Control 51 (1981) 123–145.
[12] J.W. Moon, Topics on tournaments, Holt, Rinehart, and Winston, New York, 1968.
[13] J. NeOsetOril, A. Raspaud, E. Sopena, Colorings and girth of oriented planar graphs, Disc. Math. 165/166
(1997) 519–530.
[14] A. Raspaud, E. Sopena, Good and semi-strong colorings of oriented graphs, Inform. Proc. Lett. 51
(1994) 171–174.
[15] E. Sopena, The chromatic number of oriented graphs, J. Graph Theory 25 (1997) 191–205.
[16] D. West, Introduction to Graph Theory, Prentice-Hall, Upper Saddle River, NJ, 2001.
